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1  .   Introduction 

The  study  of  closed  subalgelDras  of  the  group  algebra 
which  are  not  ideals  has  "been  avoided  for  many  years  -  even 
in  the  case  of  a  compact  ahelian  group.   The  main  reason  for 
this  is  the  ah'un.dance  of  them.   In  this  paper,  we  pick  out  a 
subclass  of  the  closed  subalgebras  of  C(G)  -  for  a  compact 
group  G  -  which  have  considerably  more  structure,  and  which 
are  consequently  less  numerous.   These  are  the  S-rings,  which 
first  appeared  in  finite  groups  ([2],  [3],  [6]  et  al.),  but  v;hich 
provided  the  motivation  for  a  generalization  of  the  Peter-Veyl 
theorem  in  [7].   Here  we  give  some  structure  theorems  for 
S-rings  and  give  the  corresponding  results  to  those  of 
Tamaschke  in  [h]    -   in  particular  his  homomorphism  and  isomorphism 
theorems. 

_2^._ ^  Definitions  and  notation . 

Let  G  be  a  compact  topological  group,  and  C(G)  the  set 

of  complex-valued  continuous  functions  on  G.   We  shall  use  the 

notation 

f*(x)  =  f(x-^)  ;  f^(x)  =  f(x)  I  (f*g)(x)  =  \   f(y)g(y-'^x)dm(y), 
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where  m( • )  denotes  Haar  measure  on  G.   Other  notation  will 
Toe  as  in  [?] . 

DEFINITION  2.1   A  subset  'Jr   of  C(G)  is  an  S-rin/;  on  G  if  it 
is  a  pointwise  subalgebra  and  a  convolution  subalgehra  of 
C(G),  ^=  and  '**'  self-adjoint,  and  contains  the  constant 
functions,  (c.f.  [6]  p. 56)  Let  3-  be  an  S-ring  on  G,  We  will 
denote  loy   [G-.     °.   \  e.  A]    its  constancy  sets.   i.e.   the 
equivalence  classes  of  the  equivalence  relation  ~  defined  on 
G  by 

X  ~  y  if  and  only  if  f(x)  =  f(y)  all  f  e  "f- 
We  call  a  subset  of  G  a  A-set  if  it  is  the  iinion  of  G>  '  s  and 
v/e  call  a  function  on  G  a  A-function  if  it  is  constant  on  the  G  's 
Clearly,  if  ^  is  a  closed  (=  uniformly  closed)  S-ring,  then, 
by  the  Stone-Weierstrass  theorem,  'j""  is  the  set  of  all  continuous 
A-functions.   In  fact  '3^  =   C(A)  as  a  commutative  pointwise 
algebra . 

In  [7]>  we  showed  that  the  constancy  sets  of  an  S-ring 
satisfy  the  conditions:   a)   G,  G   is  a  A-set  (all  A,  M-  e  A) 

b)  i'^\)~     -   ^u.   ^°^®  [i  e  A 
which  imply  c)   if  1  e  G•^  ,  G,   is  a  subgroup  and 

G.  =  G^  G^G^    (all  X  €  A) 
X  \q    \   Xq 

It  is  not  clear  -  though  unlikely  -  that  the  conditions  a)  and 
b)  are  sufficient  for  the  set  of  A-functions  to  form  an  S-ring. 
Even  in  the  finite  case,  we  need  a  stronger  property  than  a), 
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namely,  that  the  elements  of  each  G  c  G^^G   should  appear  in 
G,G  with  the  same  multiplicity.   In  the  compact  case,  this 
condition  is  replaced  hy  a  measure  theoretic  condition  v\rhich 
we  Y/ill  show  is  necessary  and  sufficient  in  §3.   We  shall  use 
the  notation  '>^for  the  closure  of  ^'   in  L-^(G),  for  '1  ^  ^  . 
Since  L^(g)  ♦  L^(G)  c  C(G) ,  L^(G)  *  C(G)  c  C(G)  and 
L-(G)  .  C(G)  £lP{G),    it  is  easy  to  see  the  following. 
PROPOSIT.IOjT.  2j_2      a)   "^^   .;=  J^   c  J' 


b)   >^  ,:.  3'c  T 

c)    >^.:^-cF. 


^._  __Structure  theorem. 

Let     3H  he   a   closed   S-ring  with   constancy    sets    [g,  :7i  e  A|  . 

LEigiA  3_.J_     If  P   is   an   open  A-set,    the    characteristic   ftmction 

Xp  of  P   is   in    J^  . 

Proof.   Given  e  >  0,  since  m  is  a  regular  measure,  there  exists 

a  closed  set  P^  c  p  such  that  m(P'-P^)  <    s.      By  taking 

u[g,  :G->  n  P  ^  0]    if  necessary,  we  can  assume  that  P   is  a 

A-set.   (This  set  is  closed,  since  the  G^'s  form  an 

upper-semi-continuous  (u.s.c.)  family  in  G  -  see  [l]  p. 125) 

3y  Urysolin's  lemma  in  A,  there  exists  f  e  '}}-   such  that  f(x)  =  1 

on  P^ ,  f(x)  =  0  off  P,  0  ^  f(x)  <  i  everywhere.   Clearly 

HXp  -  fllg  =  I    If("0  -  )^(x)i^dx  <  m(P^P^)  <  e.   Thus  Xp  e  '^ . 
J  G 
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THEOREM  3.2   Let  ,'?■  be  a  closed  S-ring  with  constancy  sets 


|g.  :7v  €  a]  .   Then 


'X 


a')  For  P,  Q  open  A-sets,  m(P  n  x  3"  )  ,  as  a  fxmction  of 


X5  is  a  continuous  A-function. 

"b)   (G,  )    =  G  -  some  |-l. 
Proof  a')   is  obvious  since  m(P  n  xQ   )  =  (xp  •;^Xq)(x)  and 


Xp  *  Xq  e  '^   ^     y  c  ^ 


^2  ..  5^ 

b)   is  an  easy  consequence  of  9"  being  *-self-adooint . 

Note  that  m(P  n  xQ~  )  corresponds  to  the  "number  of  times''  x 

appears  in  PQ.   We  will  show  that  these  conditions  are  sufficient. 

Let  fG■^  ;\  e  A]    be  an  upper-semi-continuous  decomposition  of  G. 

LEI/giA  3.3.  Any  continuous  A-function  f  can  be  approximated 

n 
uniformly  by  step  functions  of  the  form  2  a.  Xa   v/here  each 

i=1  ^  -^i 
A.  is  the  set  theoretic  difference  of  two  open  A-sets, 

Proof.   Suppose  first  that  f  is  a  non-negative  function. 

Given  e  >  0,  there  exists  n  such  that  llf  11   <  nis.   Let 

^i  =  ^^°-|  Iff  IL  <  ^^-)  ^  ^  lif  lU  i  =  0,  1,  2,  ...  n-1 

Then  A.  is  the  difference  of  two  onen  A-sets  and  it  is  easy  to 

n-1  , 
see  that  llf  -  2   -  ||ff|  Xa  II   <  £•   We  deduce  the  result  for 

'  '       -i  _f)  n      "oo'^A.  '  '00 

general  f,  by  writing  f  =  (Re  f)^  -  (Re  f)~  +  i(Im  f)"*"  -  i(lm  f)" 
v/hich  is  the  linear  combination  of  positive  A-functions. 
THEORSI!  _3'U  Let  [G,  :A  e  A|  be  an  u.s.c.  decomposition  of  G 
satisfying  a')  and  b)  of  3^2.   Then  the  set  jH  of  continuous 
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A-functlons  forms  an  S-ring. 

Proof.   The  only  property  not  irm-nedlate  is  that  ^   is  a 
convolution  algebra.   If  A  =  P^'»>  Pg,  B  =  Q^  -^  Qg  where 
Pp  c  P^ ,  '^,p  c  Q.  are  open  A-sets,  then 

A  n  xB  =  (P^  n  xQ^)  >.  (P^  n  xQg)  ^[(^2  "^  ^  ^i  )   ^^2  ^  xQg)]. 
Therefore  m(A  n  xB)  =  m(P^  n  xQ^  )-m(P^  n  xQ2)-[m(P2  n  xq^)-in(P2  n  xi^)] 
which,  as  a  linear  combination  of  A-functions,  is  a  A-function. 

I'Tow  if  -u  and  v  are  step  functions  defined  "by  u  =  2  a-x.   and 

s  ~  i=i   ^i 

V  =  S  3  .Xr>  v/here  A.  B.,  i  =  1  ...r,  o=1  ...s  are  differences 

of  o-oen  A-sets,  then  (u  *  v)(x)  =  2  a.  |3.  m(A.  n  xB  .  )  and  so 

ij    "^  ^ 

u  M;  V  is  a  A-f unction.   But  f  and  g  can  he  uniformly  approximated 

hy  step  f\inctions  u  and  v  respectively,  and  so  f  *  g  is  the 

\iniform  limit  of  the  A-functions  u^  --n   v^,  and  hence  is  a 

A-fuiiction.   This  proves  the  theorem. 

It  is  clear  that  a)  and  a')  are  not  equivalent,  though  we  have 

no  example  to  show  that  a)  and  h)  together  are  not  equivalent  to 

a')  and  h).   Though  clearly  we  have 


G  G-   is  a  A-set  (all  X,  la  e  A)<i=j[x:m(P  n  xQ  )  =  O]  is  a  A-set 


(all  open  A-sets  P,  Q) 


Ij._._  _  S-r_in^s  on  subgroups . 

A  natural  question  to  ask  is  v/hether  the  restrictions  of 
the  functions  in  '^'  to  a  closed  subgroup  H  also  form  an  S-ring. 
The  corresponding  question  for  an  arbitrary  closed  convolution 
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subalgebra  of  C(G)  is  also  of  interest,  but  does  not  concern 

us  here.   We  show  that  if  H  is  a  A-set,  then  the   result  is 

true.   (This  is  trivial  in  the  finite  case.)   We  need  two 

lemmas.   Let  H  he  a  closed  subgroup  of  G  which  is  also  a 

A-set. 

LEj-JlviA  k.±     The    set    llL  of  all   open  A-sets   U   containing  H  v/hich 

satisfy  U  =  HU  form  a  base    of  neighbourhoods  for  H. 

Proof.      Let  V  be   any   open  ne i ghb oil r hood   of   H.      Define 

V    =  U^HxsIix  c  v]  .      Then  V    is   open    since   the   right    cosets    of  H 

form  an  u.s.c,    decomposition  of  G,    and  V    =   ITV' .      Let 

V"   =   u[G.  sG-y  c  V'|.      V"    is   an   open  A-set,    since    the   G^'s   are 

u.s.c.      Finally  let  U  =  HV",    then  U   is   an  open  A-set,    U  =  HU  and 

U  =  KV"   c  HV'    =  V'    c  V.      The    lemma   is   proved. 

LEI#iA,A.,2     For  each  U  e  XQ.,    f  e  C(G),    let     L^  f  = -j^r[fy    /   f(y)dm(y). 

Then  L.,  is  a  linear  functional  on  C(G)  and  further  the  net 

[L„:U  e  Vi]    has  a  weak  limit  L  which  satisfies 

a)  L(  f)  =  Lf  all  x  e  H 

b)  Lf  =  0  whenever  f(x)  =  0  on  H. 

Proof.   L.,  is  clearly  a  line-.r  functional  v;ith  IlL^H  <  1  . 
The  family  [L^:!!  e  Li  1  is  weakly  compact  and  so  a  subnet  has  a 
weak  limit  L.   But  t.v.  is  a  base  of  neighbourhoods  and  so  every 
subnet  tends  weakly  to  L. 

a)  For  X  e  H,  Ly(^f )  =  ^  |^f  (x-V)dm(y)  =  ^   |^^f (y)drn(y)  =  L^f 
since  xU  =  U.   Passing  to  the  limit,  L(  f)  =  f. 
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Id)   Let  :C  s  C(G)  v/ith  f(x)  =  0  on  11.   Given  e  >  0, 

V  =  [x:|f(x)|  <  s]    is  an  open  neighbourhood  of  H.   By  k■^^  , 
there  exists  U„  e  It  such  that  U^  c  V,   Therefore 

I V  ^  JHTuy  /  '^^^^  ^^^   ^   ""        all  U  e  U,  U  c  Uq. 
Therefore  |Lf  |  <  e,  and  since  e  v/as  arbitrary,  Lf  =  0, 
g  PJ^PLL--''^X  ik  •  3  For  f  s  C(H),  define  Lgf  =  Lf  where  f  is 
Bjiy   extension  to  G  of  f .   Then  L^  is  the  linear  fimctional  on 
G(H)  corresponding  to  Haar  measure  on  li. 

Proof.  L^   is  well-defined  by  b)  and  left-invariant  by  a). 
Further  L^l  =  Li  =  i  and  so,  by  the  uniqueness  of  Haar  measure, 
Lq  is  the  Haar  integral.   (i  denotes  the  constant  function) 
THEOREM,  k.h     If  ^  is  a  closed  S-ring  on  G  and  H  is  a  closed 
A-subgroup  of  G,  the  restrictions  to  H  of  the  functions  in  3-" 
form  an  S-ring  on  H. 
Proof,  The  only  non«trivial  part  of  the  proof  is  in  showing 

that  'i:M„  is  a  convolution  algebra.   Since  any  continuous  A-function 

n 

on  H  can  be  extended  to  a  continuous  A-functlon  on  G  (Tietze's 
theorem  in  A),  it  is  sufficient  to  show  that  for  f,  g  e  5^, 
f|-^  *  gljT  is  a  continuous  A_function.   Let  ni„(  • )  denote  Haar 
measure  in  H,  and  define  h  by  h(x)  =  /  f(y)g(y~  x)dm„(y). 

Then  h  is  a  continuous  function  on  G,  and  i s  an  extension  of 
f  |tt  =•=  s|tj«  We  will  show  that  h  is  a  A-fanction. 
For  U  G  U,  define  h^  e  C(G)  ^oy 
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—2 

By  L\.,2,    h  (x)  -^   h(x)  all  x  e  G.   But,  Xy  e  F  and  so 

fXrr  -:=  g  e  PP^  *  P  c  P  (by  1  .2  a)  and  c)).   Therefore  h   e  P. 
Since  h  is  the  ijointwise  limit  of  A-functions,  it  is  also  a 
A-function.   This  completes  the  proof. 

To  prove  the  isomorphism  theorem;,  we  need  the  following  theorem 
on  ideals  (=  convolution  ideals). 

TliEOREM  Ur_,3_     If  '^^    c  ^2  c  ^%  are  all  closed  S-rings  on  G  and 
jhp  is  an  ideal  of  CK.   Then  [^.    is  an  ideal  of  !-K  if  and  only 
if  ^.  is  an  ideal  of  "f^. 

Proof.   Obviously  if  ^.  is  an  ideal  of  j^^,  then  it  is  also 
an  ideal  of  ^'p.   To  prove  the  converse  we  use  the  fact  that      ^ 
S-rings  have  approximate  identities  ([7],  Theorem  ^■^^)^      Let 
f  e  5'^  ,  g  e  3^-«   Then  f  e  c^  and  so  f  ^:  g  e  3^^.      Let  u^  be 
the  approximate  identity  for  f  in  ^  .   Then  u  >:••  f  *  g  tends 
uniformly  to  f  ::=  g.   But  u   *  f  :;<  g  e  oh.  since  "j'  is  an  ideal 
in  ^"p  and  so  f  =:•  g  e  .^>|  since  ^^  is  uniformly  closed.   This 
proves  the  theorem. 

It  is  possible  to  generalise  much  of  the  theory  of  S-rings  in 
finite  groups  -  in  particular  the  work  of  Tamaschke  in  [3]  and 
[h] •      It  is  pointless  reproducing  all  his  theorems  since  many  of  the 
proofs  use  essentially  the  same  techniques.   Here  we  shall  simply 
pick  out  the   more  interesting  results. 
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In  fact,  Tamaschke  has  considered  two  slightly  different 
concepts:   S-rings  and  S-semigroups  ,   The  difference  can  he  seen 
in  the  compact  case  in  the  conditions  a)  and  a')  in  §3.  With 
conditions  a)  and  "b),  the  set  of  all  A-sets  forms  a  seraigroup 
vi^ith  an  identity  and  an  involution,  and  the  structure  of  this 
semigroup  can  he  used  in  place  of  the  S-ring  structure  to  give 
almost  the  same  algebraic  results.   But  here  we  are  moie  interested 
in  the  analytic  results,  and  as  the  topology  only  has  real 
significance  in  the  case  of  S-rings,  we   shall  consider  that  case 
here.   In  fact  the  results  of  [5]  are  proved  for  all  groups  and 
so,  in  particular,  can  he  applied  to  our  case.   However,  v/e  shall 
rememher  that  the  A-sets  do  form  a  semigroup  as  this  gives  us  a 
convenient  way  of  defining  a  homomorphism  in  §6. 

5_.^._  ^y^-normal  suh gr oup s . 

Let  K  he  a  closed  subgroup  of  G,  and  denote  hy  3^„   the 
S-ring  of  all  continuous  functions  on  G  which  are  constant  on  the 
double  cosets  of  K.   Y/e  give  the  generalisation  of  "normal" 
subgroup  as  in  [h],    remembering  that  K  is  normal  If  and  only  if 
3r„   is  an  ideal  of  G(G). 

Let  !^ be  a  closed  S-ring  with  constancy  sets  [G%5'^  <s  A]  , 
Then  3"  n  ^„  is  also  an  S-ring,  and  if  K  is  a  A-set,  then  its 

Originally,  Taraasclike  considered  double-coset  S-rings  and 
double-coset  semigroups  ([3]),  but  recently  these  results  have 
been  extended  to  the  (pneral  case  ([U]  and  [5]). 
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constancy  sets  are  [KG,K:?^  e  A].  7/e  will  denote  ^  n  J-^^  "by 
^/^r»      As  in  [1+],  we  have: 
LEMi  lA  _5,.J_  If  K  is  a  A-subgroup,  the  follov/ing  are  equivalent. 

i)    /v   is  a  convolution  ideal  of  3^ 
ii)   G^K  =  KG^   all  A  e  A. 
Proof.   Assuming  ii),  the  constancy  sets  of  ^A.  are 
[KG^:7^  g  a]  .   For  f  e  'Vj^).  g  e  ,'^p  f  *  g  e  3"  and  f  *  g  will  he 
constant  on  the  right  cosets  of  K  (since  f  is).   Therefore  f  *  g 
is  constant  on  all  KG.  's  hence  f  *  g  e   /tt*   Similarly  for 
g  .  f,  ana  so  37^  is  an  ideal  of  J-. 

Conversely,  suppose   -^7   is  an  ideal  of   3".   Then  if 
G,  n  G  K  =  j?f,  hy  normality,  there  exists  an  open  neighbourhood 
U  of  K  such  that  G^U  n  G  U  =  J2^,  and  we  can  assume  that  U  is  a 
union  of  double  cosets  of  K  and  a  A-set.   (as  in  U.i )   Now 
there  exists  f  e  Vv-  with  f(x)  =1  on  K,  f(x)  =  0  off  U~\ 
0  <  f(x)  <  1  everywhere,  and  g  g  cf"  with  g(x)  =  1  on  G  K, 
g(x)  =  0  off  G  U,  0  <  g(x)  ^  1  everywhere.   Then  (g  *  f)(x)  =  0 
for  X  G  G.  since  G  U  n  xU  =  ^  and  (g  =:=  f)(y)  ^  0  for  y  e  G 
But  g  *  f  G   /.r   and  hence  "Vt^  separates  the  sets  [g^^K-Tv  g  A]  . 

K  IV  A, 

Therefore   G^K  =  KG^K  =  KG^. 

DEFINITION  5»2.   If  K  is  a  A-subgroup  satisfying  i)  and  ii)  of  5.1, 

then  K  is  [±-^9J33^_ « 

REMAHC:   If  ^=  C(G),  we  have  the  usual  definition  of  a  normal 

subgroup  and  the  usual  property  xK;  =  Kx.   (all  x  g  G) 


^  ^^  ^ 

Gj> Homomorphism  and  Isomorphism  theorems , 

Our  next  aim  is  to  define  an  S-ring  homomorphism. 
At  first  sight,  the  natural  definition  would  "be  to  make 
cp:  9^->  y    an  algehra  homomorphism  with  respect  to  hoth 
multiplications  and  "both  involutions.   However,  this  already 
makes  cp  a  -1  -  1  map  and  isometric  in  ||  •  ||  .  and  ||  •  ||  ,   Instead 
we  use  the  algebraic  definition  as  in  [5],  which  is  an  ohvious 
generalisation  of  group  homomorphism.   We  will  see  that  this 
definition  of  homomorphism  is  sufficient  for  the  homomorphism 
and  isomorphism  theorems,  "but  that  the  corresponding  isomorphism 
does  not  have  the  desira"ble  property  of  being  a  convolution 
isomorphism.   For  this  reason,  we  do  not  use  the  term 
'S-ring-homomorphism' 5  but  'CS-homomorphism' .   (CS  =  constancy 
sot) 

Let  ^  be  a  closed  S-ring  with  constancy  sets  [g^:?i  e  A|, 
By  condition  a)  of  1.3,  there  is  a  "multiplication"  in  A,  where 
the  "product"  of  two  elements  in  A  is  a  subset  rather  than  a 
single  element  of  A,   Precisely,  there  is  a  map  of  A  x  A  into 
the  subsets  of  A  defined  byX.LL=[v;G  cG.  GJ.   There  is  also 

V      A  [I 

an  involution  in  A  defined  by  X*  =  |i  where  (G-v  )"''  =  G  .   If 
1  e  G.  ,  v\re  have  the  identities 

7v.\   =  7^Q.A.  =  [X]        all  X  e  A  ;  X'''   zz   \^. 
Let  ^  and  9'''  t)e  closed  S-rings  on  G  and  G'  respectively,  with 
constancy  sets  [g.  :X  e  A|  and  [G'ioo  en]. 
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DEFINITIOIT   6.1      cp   is   a   CS -homomorjphisjn  of    3"to  iJ'    if  cp   is 
a   continuous  map  A  ->  n   satisfying: 

a)  cp(X.ta.)    =    ( (pX )  .  ( cpij. )      (all  \,    u  6  A) 

b)  q>{\'^'-)    =    (cpX)*         (all    7^   e  A) 


c)       cp(Xj 


GO, 


0'    "      0 

By  defining  (p(P)  =  ^^'^mX°'^A  *"  ^^    ^°^   ^^"^^  A-set  P,  we  can  thinlv 
of  cp  as  a  map  of  the  semigroup  of  A-sets  into  the  semigroup  of 

H-sets.   Then  the  conditions  of  the  definition  imply  that  cp  is 

—1        —1 
a  semigroup  homomorphism  satisfying  cp(p   )  =  (cpP)   and 

cp(UP^  )  =  u(cpP^)  v/here  P,  P^,  i  =  1,  2  ...    are  A-sets.   (c.f.[5]) 

It  will  he  convenient  to  use  the  symhol  9  for  either  of  these 

maps, 

REI.'L'VM.   Although  the  map  cp  is  not  defined  on  ^,  but  on  A, 

there  is  an  induced  map  cp:C(n)  ->  C(A)  defined  by 

($f)(\)  =  f(cp\) 
This,  in  turn,  induces  a  continuous  map  of  'J--'  into  -'^',  which 
is  an  alf^.ebra  homomorphism  with  respect  to  pointwise 
multiplication,  and  is  isometric  in  the  uniform  norm.   This  gives 
us  yet  another  way  of  defining  a  homomorphism,  but  we  v/ill  not 
go  into  the  details  here. 

P_EF INITIOS  6 . 2   The  kernel  of  a  CS-homomorphism  cp  is  defined  by 
ker  9  =  ^"^(G'co  ^  "  ^[\°^'^   =  ^qI 
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DEFINI TJ ON  A.' 3     The  linage  of  a  GS-honomorphlsm  cp  is  defined  by 

Im  cp  =  cp(G)  =  u{g^;cjo  e  9A] 
Clearly  CS-monomorphlsmj,  epimorphism,  isoraorphisn  can  "be  defined 
in  the  usual  way. 

THEOREM  ^.k     (Homomorphism  theorem.)   Let  ^-and  ,9--'  he  closed 
S-rings  on  G  and  G'  respectively  with  constancy  sets  [G-,  :A  e  A] 
and  [G':a)sn|.   Ifcpisa  CS-homomorphism,  then 

a)   ker  cp  is  an  ^-normal  subgroup 

j)   Im  cp  is   a  H-suhgroup 

°)    '^4er  cp  i^  CS-isomorphic  to  ^  1^^  ^ 
Proof,  a)   Let  K  =  ker  cp.   Then  certainly  K   =  K,  and  for  each 
00  <=   cpA,  cp~  (G')  =  uIg.  :cpX  =  ooj  is  a  closed  A-set.   Also 


'00'    ^'^'\' 


-1 


cp(KG.K)  =  ((pK)(cpG,  )((pK)  =  G'  G'  G'   =  G'.   Therefore  KG,K  c  cp"'(G') 
(all  X  with  cpX  =  00) .   Conversely,  for  fixed  X   with  cpX  =  co, 
suppose  |J.  also  satisfies  cpp.  =  co.   Then  cp(?^"'.|J.)  =  (cp"A.)'",|j,  =  co",co  ^   co^- 
Therefore  \"' .[i   n  9"  (oa  )  ^.^  0   and  so  M-  s  X.(9~  cOq)  i.e.  G  c  G.K. 
Therefore  KG.K  c  cp~'^(G')  c  G.K.   Thus  9"^  (G' )  =  KG^K  =  G.K  =  KG^ 

A.CO'A  ^     ii)'  A       A.        \ 

(all  X    such  that  9?^  =  co)  .   In  particular  KK  =  K,  and  since 

K~  =  K,  K  is  a  subgroup.   By  5^^>   K  is  an  ^"-normal  subgroup, 

b)  Since  9(G)  =  9(GG)  =  (9G)(9Ct)  and  (90)"^  =  9(G"^)  =  9(g), 
li'  =  I   9  is  ..  closed  il-subgroup  of  G'  . 

c)  By  k'k,   ^   Irrf  is  an  S-ring  with  constancy  sets  [g  :oj  e  $a|  . 

By  above,  [9"  (G'):co  e  ^a]  are  the  constancy  sets  of  Vt^  ^-^d  the 

CO  jis. 

identity  on  9A  induces  a  CS-isomorphism  of  ^/     with  3^'  |  .,  , 
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TIjEpREill_6_,5      (1st   Isomorphism  theorem)        j"  is   a    closed  S-ring   on 
G  and  K   is   an    jH-normal   subgroup   of  G.      If  L   is   any  other 
subgroup: 

L   is    "3" -normal    if  and   only   if  L   is     ^/„  normal. 
This    is   a   direct   corollarj^  of   3.6  using   the    three   S-rings     u"  , 

"s  n'}',   and  v'n  J^^  n    o'j^. 
Tirspifflli  _6»6      (2nd  Isomorphism  theorem)      9"  is   a   closed  S-ring  on 
G  ?/ith   constancy   sets    [g.  :/v   e  AJ  .      If  K   is   an  cT -normal    subgroup 
and  L   is   a  A-sub group   then 

a)  K  n  L  is  -^1  -normal 

Li 

b)  KL  =  LK  and  K  is  ^1^^^. -normal 

ri  ■K-L'  .1. 

c)  '^'/xrnl    ^^   CS-isomorphic  to    'KL/  . 
This  proof  follows  immediately  for  U.U-,  5.1  and  6.1;. 

The  surprising  part  of  this  section  is  that  the 
homomorphism  and  isomorphism  theorems  are  true  when  the 
horaomorphism  is  essentially  the  algebraic  definition  corresponding 
to  S-semigroups.   To  define  S-ring-homomorphism,  we  would  have 
to  strengthen  condition  a)  of  Definition  6.1  to  read 
a')   nv(P  n  xQ  )  =  m^(cpP  n  y(cpQ)"  )  where  P,  Q  are  A-sets, 
X  e  G^  and  y  e  ^l^\*      This  would  then  give  us  an  S-ring-isomorphism 
which  i_s  an  isomorphism  with  respect  to  convolution.   Again, 
no  example  is  known  to  distinguish  between  the  two  ideas. 

My  thanks  are  due  to  0.  Tamaschlce  for  many  useful 
conversations  and  access  to  his  manuscripts. 


-  15  - 


REFERENCES 


[1]   RICIOlRT,  C.E.    General  Theory  of  Banach  algebras. 

(New  York,  1953) 
[2]   SCHUR,  I.    Zur  Theorie  der  einfach  transltlven 

Permutationsgruppen.   S.B,  Preuss.  /Jcad.  "Wiss.  Phys-i.iath.  Kl, 

(1933)  593  -  623 
[3]   T/U-LA-SCKKE,  0.   J-ai   extension  of  group  theory  to  double-coset 

semigroups.   (unpublished) 
[k]      TA]-,iASCHKE ,  0.    A  generalization  of  finite  group  theory  to 

S-rings.   (unpublished) 
[5]   TMASCHKE,  0.    An  extension  of  group  theory  to 

S-seraigroups.   (to  appear) 
[6]   WIELAiroT,  H.    Finite  Permutation  groups  (translation) 

(New  York,  I96i^.) 
[7]   WOOD,  G.V.    A  generalization  of  the  Peter-7/eyl  Theorem. 

Proc.  Camb.  Phil.  Soc.  (196?)  63 


r 


1' 

Mathematics  Institute 
University  of  Warv/ick 
Coventry 


51^37      50 


NORTHEASTERN  UNIVERSITY  LIBRARY 


NORTHEASTERN  UNIVERSITY  LIBRARIES       DUPL 


3  9358  01241420  4 


NORTHEASTERN  UNIVERSITY  LIBRARIES 


3  9358  01241420  4 


